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Abstrat. The standard multilayer Saint-Venant system onsists in introduing uid layers that are
adveted by the interfaial veloities. As a onsequene there is no mass exhanges between these
layers and eah layer is desribed by its height and its average veloity.
Here we introdue another multilayer system with mass exhanges between the neighborhing layers
where the unknowns are a total height of water and an average veloity per layer. We derive it from
Navier-Stokes system with an hydrostati pressure and prove energy and hyperboliity properties of
the model. We also give a kineti interpretation leading to eetive numerial shemes with positivity
and energy properties. Numerial tests show the versatility of the approah and its ability to ompute
reirulation ases with wind foring.
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t Classiation. 35Q30, 35Q35, 76D05.
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1. Introdution
Due to omputational issues assoiated with the free surfae Navier-Stokes or Euler equations, the simulations
of geophysial ows are often arried out with shallow water type models of redued omplexity. Indeed,
for vertially averaged models suh as the Saint-Venant system [7℄, eient and robust numerial tehniques
(relaxation shemes [10℄, kineti shemes [22℄,. . . ) are available and avoid to deal with moving meshes.
Non-linear shallow water equations model the dynamis of a shallow, rotating layer of homogeneous inompress-
ible uid and are typially used to desribe vertially averaged ows in two or three dimensional domains, in
terms of horizontal veloity and depth variation, see Fig. 1.
The lassial Saint-Venant system [7℄ with visosity and frition [1416, 18℄ is well suited for the modeling
of dam breaks or hydrauli jumps. The extended version of the Saint-Venant system proposed by Bristeau
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Hydrostati models
for inompressible free surfae ows
Shallow water assumption
Navier-Stokes equations
Non hydrostati models
Saint-Venant system
Multilayer Saint-Venant system
Boussinesq system
Multilayer extended Saint-Venant system
Extended Saint-Venant system
Figure 1. Averaged models derived from Navier-Stokes equations.
and Sainte-Marie [11℄ dropping the hydrostati assumption is well adapted for the modeling of gravity waves
propagation.
Considering ows with large frition oeients, with signiant water depth or with important wind eets,
the horizontal veloity an hardly be approximated  as in the Saint-Venant system  by a vertially onstant
veloity [24℄. To drop this limitation a multilayer Saint-Venant model is often used where eah layer is desribed
by its own height, its own veloity and is adveted by the ow (see [1, 5, 6℄ and the referenes therein). This
advetion property indues that there is no mass exhanges between neighborhing layers and makes a lose
relation to models for two non-misible uids (see [9, 12, 13℄) for instane). In [1℄ the multilayer strategy was
formally derived from the Navier-Stokes system with hydrostati hypothesis departing from an earlier work [6℄
introduing a vertial partition of water height.
Here, we derive another and simpler multilayer model where we presribe the vertial disretization of the
layers taking in to aount the (unknown) total height of water. Using a Galerkin approximation in lagrangian
formulation, we obtain a system where the only additional unknowns are the layers veloities. This leads to a
global ontinuity equation and allows mass exhanges between layers.
The objetive of the paper is to present the derivation of this new multilayer model and to exhibit its main
properties (hyperboliity, energy equality, . . . ). Some simulations performed with a kineti sheme [4℄ are
presented at the end of the paper.
The paper is organized as follows. In Setion 2, we rst present, in a simplied ase, the formulation of the
new multilayer Saint-Venant system starting from the hydrostati Euler equations. In Setion 3, we reall the
Navier-Stokes system with a free moving boundary and its losure, and the Shallow Water system. We also
introdue the multilayer formulation in the ontext of the hydrostati assumption. In Setion 4 we examine
the main properties of the multilayer system and present a kineti interpretation of the proposed model. This
kineti formulation leads to a numerial sheme detailed in Setion 5 where some numerial simulations are also
shown.
2. A simplified ase
Before deriving the omplete version of the multilayer system, we illustrate the approah in a simple situation.
Moreover this ase emphasizes the main dierenes with the multilayer system proposed by Audusse [1℄.
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We depart from the free surfae hydrostati Euler system
∂u
∂x
+
∂w
∂z
= 0, (2.1)
∂u
∂t
+
∂u2
∂x
+
∂uw
∂z
+
∂p
∂x
= 0, (2.2)
∂p
∂z
= −g, (2.3)
for
t > t0, x ∈ R, zb(x) ≤ z ≤ η(x, t),
where η(x, t) represents the free surfae elevation, u = (u,w)T the veloity. The water height is H = η− zb, see
Fig. 2.
We add the two lassial kinemati boundary onditions. At the free surfae, we presribe
∂η
∂t
+ us
∂η
∂x
− ws = 0, (2.4)
where the subsript s denotes the value of the onsidered quantity at the free surfae. At the bottom, the
impermeability ondition gives
ub
∂zb
∂x
− wb = 0, (2.5)
where the subsript b denotes the value of the onsidered quantity at the bottom.
We onsider that the ow domain is divided in the vertial diretion into N layers of thikness hα with N + 1
interfaes zα+1/2(x, t), α = 0, ..., N (see Fig. 2) so that
H =
N∑
α=1
hα, (2.6)
and
zα+ 1
2
(x, t) = zb(x) +
α∑
j=1
hj(x, t). (2.7)
x
z
η(x, t)
Free surfae
Bottom
h4(x, t)
zb(x, t)
h3(x, t)
h2(x, t)
h1(x, t)
H(x, t)
u4(x, t)
u3(x, t)
u2(x, t)
u1(x, t)
0
z3+1/2(x, t)
z2+1/2(x, t)
z1+1/2(x, t)
z1/2 = zb(x, t)
z4+1/2 = η(x, t)
Figure 2. Notations for the multilayer
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We onsider the average veloities uα, α = 1, . . . , N dened by
uα(x, t) =
1
hα
∫ zα+1/2
zα−1/2
u(x, z, t)dz, (2.8)
we also denote
< u2 >α (x, t) =
1
hα
∫ zα+1/2
zα−1/2
u2(x, z, t)dz, (2.9)
and
uα+1/2 = u(x, zα+1/2, t), (2.10)
the value of the veloity at the interfae zα+1/2.
Proposition 2.1. With these notations, an integration of (2.1)-(2.3) over the layers [zα−1/2, zα+1/2], α =
1, ..., N leads to the following system of balane laws
∂hα
∂t
+
∂hαuα
∂x
= Gα+1/2 −Gα−1/2, (2.11)
∂hαuα
∂t
+
∂
∂x
(
hα < u
2 >α
)
+ ghα
∂H
∂x
= −ghα∂zb
∂x
+ uα+1/2Gα+1/2 − uα−1/2Gα−1/2. (2.12)
The expression of the exhange terms Gα+1/2 is given in the following.
Proof. The proof relies on simple alulus based on the Leibniz rule. Using the inompressibility ondition (2.1)
integrated over the interval [zα−1/2, zα+1/2], we dedue the mass equation (2.11) where we exhibit the kinemati
of the interfae on the right hand side
Gα+1/2 =
∂zα+1/2
∂t
+ uα+1/2
∂zα+1/2
∂x
− w(x, zα+1/2, t), α = 0, . . . , N. (2.13)
The relation (2.13) gives the mass ux leaving/entering the layer α through the interfae zα+1/2.
Then we onsider the veloity equation (2.2). We rst observe that from the hydrostati assumption (2.3) one
an ompute the pressure as a funtion of the water height :
p(x, z, t) = g(η(x, t)− z).
Now we integrate the equation (2.2) over the interval [zα−1/2, zα+1/2] and we obtain the relation
∂hαuα
∂t
+
∂
∂x
(hα < u
2 >α) + ghα
∂η
∂x
= uα+1/2Gα+1/2 − uα−1/2Gα−1/2, (2.14)
and with the denition of H , this is equivalent to (2.12). Then the kinemati boundary onditions (2.4) and
(2.5) an be written
G1/2 = 0, GN+1/2 = 0. (2.15)
These equations just express that there is no loss/supply of mass through the bottom and the free surfae.
Notie also that one an ompute Gα+1/2, just adding up the equations (2.11) for j ≤ α and using the rst
equality of (2.15)
Gα+1/2 =
∂
∂t
α∑
j=1
hj +
∂
∂x
α∑
j=1
hjuj, α = 1, . . . , N. (2.16)

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The standard multilayer Saint-Venant system [1℄ is obtained by presribing
Gα+1/2 ≡ 0. (2.17)
This hoie is learly natural for inmisible uids but is not justied if the multilayer system is seen as a
numerial approximation of the hydrostai Euler equations. Indeed there is no reason to prevent the water
exhanges between onneted layers. Moreover it is exhibited in [1℄ that this hoie may lead to the development
of instabilities at the interfaes.
Here we drop this assumption and we only keep the two physial kinemati boundary onditions (2.15). The
equation (2.11) is then no nore meaningful sine the quantity
∂hα
∂t , appears on both side of the equality. Nev-
ertheless the sum of the equations (2.11) for all the layers is still relevant and the boundary ondition (2.15)
leads to a global ontinuity equation for the total water height H
∂H
∂t
+
∂
∂x
N∑
α=1
hαuα = 0, (2.18)
and eah layer depth hα is then dedued from the total water height by the relation
hα = lαH, (2.19)
with lα, α = 1, ..., N a given number satisfying
lα ≥ 0,
N∑
α=1
lα = 1. (2.20)
Thus the momentum equation (2.12) beomes
∂hαuα
∂t
+
∂
∂x
(
hα < u
2 >α +
1
lα
gh2α
2
)
= −ghα∂zb
∂x
+ uα+1/2Gα+1/2 − uα−1/2Gα−1/2. (2.21)
Using (2.18),(2.19), the expression of Gα+1/2 given by (2.16) an also be written
Gα+1/2 =
α∑
j=1
(
∂hjuj
∂x
− lj
N∑
i=1
∂hiui
∂x
)
. (2.22)
Finally we have to dene the quantities hα < u
2 >α and uα+1/2 appearing in (2.12). As usual in the derivation
of suh systems, we have onsidered hα < u
2 >α≈ hαu2α, this will be disussed in details in paragraph 3.5. The
veloities uα+1/2, α = 1, . . . , N − 1 are obtained using an upwinding
uα+1/2 =
{
uα if Gα+1/2 ≥ 0
uα+1 if Gα+1/2 < 0.
(2.23)
To illustrate the formulation of the new model, we ompare it with the system proposed in [1℄ in the simple
ase of a two-layer formulation. Negleting the visosity and frition, the formulation obtained by Audusse [1℄
orresponds to (2.11),(2.12) with (2.17), i.e.
∂h1
∂t
+
∂h1u1
∂x
= 0,
∂h2
∂t
+
∂h2u2
∂x
= 0, (2.24)
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∂h1u1
∂t
+
∂h1u
2
1
∂x
+ gh1
∂(h1 + h2)
∂x
= −gh1 ∂zb
∂x
, (2.25)
∂h2u2
∂t
+
∂h2u
2
2
∂x
+ gh2
∂(h1 + h2)
∂x
= −gh2 ∂zb
∂x
, (2.26)
with h1 + h2 = H . The preeding formulation orresponds to a superposition of two single layer Saint-Venant
systems (see also [9, 12, 13℄ where a very similar model is onsidered in a bi-uid framework).
With our approah (2.18),(2.21), the two-layer formulation reads
∂H
∂t
+
∂h1u1
∂x
+
∂h2u2
∂x
= 0, (2.27)
∂h1u1
∂t
+
∂h1u
2
1
∂x
+
g
2
∂Hh1
∂x
= −gh1∂zb
∂x
+ u3/2
(
l
∂H
∂t
+ l
∂Hu1
∂x
)
, (2.28)
∂h2u2
∂t
+
∂h2u
2
2
∂x
+
g
2
∂Hh2
∂x
= −gh2∂zb
∂x
− u3/2
(
l
∂H
∂t
+ l
∂Hu1
∂x
)
, (2.29)
where h1 = lH, h2 = (1 − l)H, (2.30)
with l ∈ (0, 1) presribed. The veloity at the interfae, denoted u3/2, is alulated using upwinding, following
the sign of the mass exhange between the layers. It is important to notie that, in the new formulation (2.27)-
(2.30), we obtain diretly a left hand side term written in onservative form with the topography and the mass
exhange as soure terms whereas the pressure term of (2.24)-(2.26) has to be modied [1℄ to get a onservative
form. Moreover we prove in Setion 4 that the system (2.27)-(2.30) is hyperboli, whih is not the ase for
system (2.24)-(2.26).
The dierene between (2.27)-(2.30) and (2.24)-(2.26) mainly omes from the physial denition of the layers.
Audusse introdues a physial disretization where eah layer has its own ontinuity equation. These N onti-
nuity equations mean the layers are isolated eah other, this situation orresponds to the ase of N non misible
uids. In the formulation (2.27)-(2.30), the disretization orreponds to a nite elements approximation  of
P0 type  of the veloity u. In this ase, the denition of the layers does not orrespond to a physial partition
of the ow but is related to the quality of the desired approximation over u. Thus we have only one ontinuity
equation meaning the uid an irulate form one layer to another.
3. Derivation of the visous multilayer shallow water system
In this setion we will apply to the Navier-Stokes equations the multilayer approah presented in the preeding
setion.
3.1. The Navier-Stokes equations
Let us start with the inompressible Navier-Stokes system [17℄ restrited to two dimensions with gravity in
whih the z axis represents the vertial diretion. For simpliity, the visosity will be kept onstant and
isotropi throughout the paper (we refer the reader to [14℄ for a more general framework). Therefore we have
the following general formulation:
∂u
∂x
+
∂w
∂z
= 0, (3.31)
∂u
∂t
+ u
∂u
∂x
+ w
∂u
∂z
+
∂p
∂x
=
∂Σxx
∂x
+
∂Σxz
∂z
, (3.32)
∂w
∂t
+ u
∂w
∂x
+ w
∂w
∂z
+
∂p
∂z
= −g + ∂Σzx
∂x
+
∂Σzz
∂z
, (3.33)
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and we onsider this system for
t > t0, x ∈ R, zb(x, t) ≤ z ≤ η(x, t).
We use the same notations as in the previous setion. We now onsider the bathymetry zb an vary with respet
to absissa x and also with respet to time t. The hosen form of the visosity tensor is symetri
Σxx = 2ν
∂u
∂x
, Σxz = ν
(∂u
∂z
+
∂w
∂x
)
,
Σzz = 2ν
∂w
∂z
, Σzx = ν
(∂u
∂z
+
∂w
∂x
)
,
with ν the visosity oeient.
3.2. Boundary onditions
The system (3.31)-(3.33) is omplete with boundary onditions. The outward and upward unit normals to the
free surfae ns and to the bottom nb are given by
ns =
1√
1 +
(
∂η
∂x
)2
( − ∂η∂x
1
)
, nb =
1√
1 +
(
∂zb
∂x
)2
( −∂zb∂x
1
)
.
Let ΣT be the total stress tensor with
ΣT = −pId +
(
Σxx Σxz
Σzx Σzz
)
.
At the free surfae we have the kinemati boundary ondition (2.4). Considering the air visosity is negligible,
the ontinuity of stresses at the free boundary imposes
ΣTns = −pans, (3.34)
where pa = pa(x, t) is a given funtion orresponding to the atmospheri pressure. Relation (3.34) is equivalent
to
ns.ΣTns = −pa, and ts.ΣTns = 0,
ts being orthogonal to ns.
Sine we now onsider the bottom an vary with respet to time t, the kinemati boundary ondition reads
∂zb
∂t
+ ub
∂zb
∂x
− wb = 0, (3.35)
where (x, t) 7→ zb(x, t) is a given funtion. Notie that the equation (3.35) redues to a lassial no-penetration
ondition (2.5) when zb does not depend on time t. For the stresses at the bottom we onsider a wall law under
the form
ΣTnb − (nb.ΣTnb)nb = κ(vb, H)vb, (3.36)
with vb = ub − (0, ∂zb∂t )T the relative veloity between the water and the bottom. If κ(vb, H) is onstant then
we reover a Navier frition ondition as in [16℄. Introduing kl laminar and kt turbulent frition oeients,
we use the expression
κ(vb, H) = kl + ktH |vb|,
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orresponding to the boundary ondition used in [18℄. Another form of κ(vb, H) is used in [10℄ and for other
wall laws, the reader an also refer to [19℄. Due to thermomehanial onsiderations, in the sequel we suppose
κ(vb, H) ≥ 0 and κ(vb, H) is often simply denoted by κ.
Let tb satisfying tb.nb = 0 then when multiplied by tb and nb, Equation (3.36) leads to
tb.ΣTnb = κvb.tb, and vb.nb = 0.
3.3. The resaled system
The physial system is resaled using the quantities
• h and λ, two harateristi dimensions along the z and x axis respetively,
• as the typial wave amplitude, ab the typial bathymetry variation,
• C = √gh the typial horizontal wave speed.
Classially for the derivation of the Saint-Venant system, we introdue the small parameter
ε =
h
λ
.
When onsidering long waves propagation, another important parameter needs be onsidered, namely
δ =
as
h
,
and we onsider for the bathymetry
ab
h = O(δ). Notie that ε is related to a priori informations only assoiated
to geometrial features whereas as and aordingly δ deal with the state variables of the problem.
Depending on the appliation, δ an be onsidered or not as a small parameter. For nite amplitude wave
theory and assuming zb(x, t) = z
0
b , one onsiders ε≪ 1, δ = O(1) whereas the Boussinesq waves theory requires
δ ≪ 1, ε≪ 1 and Ur = O(1)
where Ur is the Ursell number dened by Ur =
δ
ε2 , see [25℄. All along this work, we onsider ε ≪ 1 whereas,
even if the parameter δ is introdued in the resaling, the assumption δ ≪ 1 is not onsidered exept when
explitly mentioned.
As for the Saint-Venant system [16, 18℄, we introdue some harateristi quantities : T = λ/C for the time,
W = as/T = εδC for the vertial veloity, U =W/ε = δC, for the horizontal veloity, P = C
2
for the pressure.
This leads to the following dimensionless quantities
x˜ =
x
λ
, z˜ =
z
h
, η˜ =
η
as
, t˜ =
t
T
,
p˜ =
p
P
, u˜ =
u
U
, and w˜ =
w
W
.
Notie that the denition of the harateristi veloities implies δ = UC so δ also orresponds to the Froude
number. When δ = O(1) we have U ≈ C and we reover the lassial resaling used for the Saint-Venant
system. For the bathymetry zb we write zb(x, t) = Zb(x) + b(t) and we introdue z˜b = Zb/h and b˜ = b/ab. This
leads to
∂zb
∂t
= εδC
∂b˜
∂t˜
= W
∂b˜
∂t˜
, and
∂zb
∂x
= ε
∂z˜b
∂x˜
.
The dierent resaling applied to the time and spae derivatives of zb means that a lassial shallow water
assumption is made onerning the spae variations of the bottom prole whereas we assume the time variations
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of zb lie in the framework of the Boussinesq assumption and are onsistent with the resaling applied to the
veloity w.
We also introdue ν˜ = νλC and we set κ˜ =
κ
C . Notie that the denitions for the dimensionless quantities are
onsistent with the one used for the Boussinesq system [21,26℄. Notie also that the resaling used by Nwogu [20℄
diers from the preeding one sine Nwogu uses w˜ = ε
2
W w.
As in [16, 18℄, we suppose we are in the following asymptoti regime
ν˜ = εν0, and κ˜ = εκ0,
with κ0 = κl,0 + εκt,0(v˜b, H˜), κl,0 being onstant.
This non-dimensionalization of the Navier-Stokes system (3.31)-(3.33) leads to
∂u˜
∂x˜
+
∂w˜
∂z˜
= 0, (3.37)
εδ
∂u˜
∂t˜
+ εδ2
∂u˜2
∂x˜
+ εδ2
∂u˜w˜
∂z˜
+ ε
∂p˜
∂x˜
= ε2δ
∂
∂x˜
(
2ν0
∂u˜
∂x˜
)
+
∂
∂z˜
(
δν0
∂u˜
∂z˜
+ ε2δν0
∂w˜
∂x˜
)
, (3.38)
ε2δ
(
∂w˜
∂t˜
+ δ
∂u˜w˜
∂x˜
+ δ
∂w˜2
∂z˜
)
+
∂p˜
∂z˜
= −1 + ∂
∂x˜
(
εδν0
∂u˜
∂z˜
+ ν0ε
3δ
∂w˜
∂x˜
)
+ εδ
∂
∂z˜
(
2ν0
∂w˜
∂z˜
)
, (3.39)
where we use the divergene free ondition to write veloity equations (3.38) and (3.39) in a onservative form.
The assoiated boundary onditions (2.4), (3.34), (3.35) and (3.36) beome
∂η˜
∂t˜
+ δu˜s
∂η˜
∂x˜
− w˜s = 0, (3.40)
2εδν0
∂w˜
∂z˜
∣∣∣∣
s
− p˜s − εδ2ν0 ∂η˜
∂x˜
(
∂u˜
∂z˜
∣∣∣∣
s
+ ε2
∂w˜
∂x˜
∣∣∣∣
s
)
= −δp˜a, (3.41)
δν0
(
∂u˜
∂z˜
∣∣∣∣
s
+ ε2
∂w˜
∂x˜
∣∣∣∣
s
)
− εδ ∂η˜
∂x˜
(
2εδν0
∂u˜
∂x˜
∣∣∣∣
s
− p˜s
)
= εδ2
∂η˜
∂x˜
p˜a, (3.42)
∂b˜
∂t˜
+ u˜b
∂z˜b
∂x˜
− w˜b = 0, (3.43)
δν0
(
ε2
∂w˜
∂x˜
∣∣∣∣
b
+
∂u˜
∂z˜
∣∣∣∣
b
)
− ε∂z˜b
∂x˜
(
2εδν0
∂u˜
∂x˜
∣∣∣∣
b
− pb
)
+ε
∂z˜b
∂x˜
(
2εδν0
∂w˜
∂z˜
∣∣∣∣
b
− pb − εν0 ∂z˜b
∂x˜
(
δ
∂u˜
∂z˜
∣∣∣∣
b
+ ε2δ
∂w˜
∂x˜
∣∣∣∣
b
))
= εδκ0
√
1 + ε2
(
∂z˜b
∂x˜
)2(
u˜b + ε
2 ∂z˜b
∂x˜
(
w˜b − ∂b˜
∂t˜
))
. (3.44)
For the sake of larity, in the sequel we drop the symbol˜and we denote ∂b∂t =
∂zb
∂t .
3.4. The Shallow Water system
The derivation of multilayer approximation is somehow tehnial. In order to better explain the analysis we
reall the monolayer ase following the asymptoti expansion in [16℄.
In the following the two sets of equations (3.37)-(3.39) and (3.40)-(3.44) are approximated to retain only the
high order terms.
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Due to the applied resaling some terms of the visosity tensor e.g.
ε3δ
∂
∂x
(
ν0
∂w
∂x
)
are very small and ould be negleted. But, as mentioned in [1, Remarks 1 and 2℄, the approximation of
the visous terms has to preserve the dissipation energy that is an essential property of the Navier-Stokes and
averaged Navier-Stokes equations. Sine we privilege this stability requirement and in order to keep a symmetri
form of the visosity tensor, we onsider in the sequel a modied version of (3.37)-(3.39) under the form
∂u
∂x
+
∂w
∂z
= 0, (3.45)
εδ
∂u
∂t
+ εδ2
∂u2
∂x
+ εδ2
∂uw
∂z
+ ε
∂p
∂x
= ε2δ
∂
∂x
(
2ν0
∂u
∂x
)
+
∂
∂z
(
δν0
∂u
∂z
)
, (3.46)
ε2δ
(
∂w
∂t
+ δ
∂uw
∂x
+ δ
∂w2
∂z
)
+
∂p
∂z
= −1 + ∂
∂x
(
εδν0
∂u
∂z
)
+
∂
∂z
(
2εδν0
∂w
∂z
)
, (3.47)
orresponding to a visosity tensor of the form
Σxx = 2ν
∂u
∂x
, Σxz = Σzx = ν
∂u
∂z
, Σzz = 2ν
∂w
∂z
.
This means the terms in ε2∂xw have been negleted in (3.37)-(3.39) and in (3.40)-(3.44). For details about the
adopted form of the visosity tensor see [11, Remark 2℄ and [1, Lemma 2.1℄.
In the same way, retaining only the high order terms, the boundary onditions (3.40)-(3.44) beome
∂η
∂t
+ δus
∂η
∂x
− ws = 0, (3.48)
2εδν0
∂w
∂z
∣∣∣∣
s
− ps − εδ2ν0 ∂η
∂x
∂u
∂z
∣∣∣∣
s
= −δpa, (3.49)
δν0
∂u
∂z
∣∣∣∣
s
− εδ ∂η
∂x
(
2εδν0
∂u
∂x
∣∣∣∣
s
− ps
)
= εδ2
∂η
∂x
pa, (3.50)
∂zb
∂t
+ ub
∂zb
∂x
− wb = 0, (3.51)
δν0
∂u
∂z
∣∣∣∣
b
− ε∂zb
∂x
(
2εδν0
∂u
∂x
∣∣∣∣
b
− pb
)
+ ε
∂zb
∂x
(
2εδν0
∂w
∂z
∣∣∣∣
b
− pb − εδν0 ∂zb
∂x
∂u
∂z
∣∣∣∣
b
)
= εδκ0
(
1 + ε2
(
∂zb
∂x
)2)3/2
ub. (3.52)
Now we will exhibit the hydrostati and non hydrostati parts of the pressure. An integration of (3.47) from z
to δη gives
ε2δ
∫ δη
z
(∂w
∂t
+ δ
∂(uw)
∂x
)
dz + ε2δ2(w2s − w2) + ps − p
= −(δη − z) + εδ
∫ δη
z
∂
∂x
(
ν0
∂u
∂z
)
dz − 2εδν0 ∂w
∂z
+ 2εδν0
∂w
∂z
∣∣∣∣
s
. (3.53)
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From the equations (3.41) and (3.42) it omes
∂u
∂z
∣∣∣∣
s
= O(ε2), (3.54)
and the boundary ondition (3.41) gives
ps = δp
a + 2εδ
∂w
∂z
∣∣∣∣
s
+O(ε3δ2). (3.55)
The previous relation and the kinemati boundary ondition (3.40) allow us to rewrite (3.53) under the form
ε2δ
(
∂
∂t
∫ δη
z
w dz + δ
∂
∂x
∫ δη
z
(uw) dz
)
− ε2δ2w2 + δpa − p
= −(δη − z) + εδ
∫ δη
z
∂
∂x
(
ν0
∂u
∂z
)
dz − 2εδν0∂w
∂z
+O(ε3δ).
Classially we have
∂us
∂x
=
∂u
∂x
∣∣∣∣
s
+ δ
∂η
∂x
∂u
∂z
∣∣∣∣
s
=
∂u
∂x
∣∣∣∣
s
+O(ε2δ), (3.56)
and using relations (3.45), (3.56) and the Leibniz rule we have
εδ
∫ δη
z
∂
∂x
(
ν0
∂u
∂z
)
dz − 2εδν0∂w
∂z
= εδν0
∂u
∂x
+ εδν0
∂u
∂x
∣∣∣∣
s
+O(ε3δ).
This leads to the expression for the pressure p
p = ph + pnh +O(ε3δ), (3.57)
where the visous and hydrostati part ph is given by
ph = δp
a + (δη − z)− εδν0 ∂u
∂x
− εδν0 ∂u
∂x
∣∣∣∣
s
,
and the non-hydrostati part pnh is
pnh = ε
2δ
(
∂
∂t
∫ δη
z
w dz + δ
∂
∂x
∫ δη
z
(uw) dz
)
− ε2δ2w2.
The derivation and analysis of a lassial Saint-Venant type system taking into aount the non-hydrostati
part of the pressure has already been arried out by the authors [11℄. The derivation of the multilayer system
in this general framework is in progress. It will be presented in a forthoming paper.
In the sequel, we restrit to the situation pnh = 0. Due to this hydrostati assumption, we have
p = ph +O(ε2δ), (3.58)
and we retain for ph the expression
ph = δp
a + (δη − z)− 2εδν0 ∂u
∂x
. (3.59)
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Then using (3.42), (3.44) and (3.55) one obtains
∂u
∂z
∣∣∣∣
s
= O(ε2), ∂u
∂z
∣∣∣∣
b
= O(ε). (3.60)
From (3.58),(3.59) we an write
p− δpa = δη − z +O(εδ), (3.61)
leading to
∂p
∂x
= O(δ).
The preeding relation inserted in (3.46) leads to
ν0
∂2u
∂z2
= O(ε), (3.62)
and Equations (3.60) and (3.62) mean that
u(x, z, t) = u(x, 0, t) +O(ε), (3.63)
i.e. we reognize the so-alled motion by slies of the usual Saint-Venant system. If we introdue the averaged
quantity
u¯ =
1
δη − zb
∫ δη
zb
u dz,
it is well known [11,15,16,18℄ that the shallow water system (3.45),(3.46) with an hydrostati pressure (3.58),(3.59)
is approximated in O(ε2δ) by the following Saint-Venant system written with the variables with dimension
∂H
∂t
+
∂Hu¯
∂x
= 0, (3.64)
∂Hu¯
∂t
+
∂Hu¯2
∂x
+
g
2
∂H2
∂x
= −H∂p
a
∂x
− gH ∂zb
∂x
+
∂
∂x
(
4νH
∂u¯
∂x
)− κ(v¯, H)
1 + κ(v¯,H)3ν H
u¯ (3.65)
with H = η − zb.
3.5. The visous multilayer Shallow Water system
We again onsider the Shallow Water system (3.45),(3.46) with an hydrostati pressure (3.58),(3.59). Here
another approximation is introdued onerning the veloity u, it is no more assumed onstant along the
vertial but is disretized in the z diretion using pieewise onstant funtions, see Fig. 2. As introdued in
Se. 2 the interval [zb, δη] is divided into N layers of thikness hα and we use the denitions (2.19),(2.20). We
write
umc(x, z, {zα}, t) =
N∑
α=1
1[zα−1/2,zα+1/2](z)uα(x, t) (3.66)
with the veloities uα, α ∈ [1, . . . , N ] dened by (2.8).
Notie that from (2.7) we have z1/2 = zb = O(1) and zN+1/2 = δη = O(δ). The dierene of magnitude between
z1/2 and zN+1/2 makes the assumption δ ≪ 1 diult to integrate in the denition of the {zα+1/2}.
Now we try to quantify the error between u and its pieewise approximation umc. First we notie that in
absene of frition at the bottom and due to the Shallow Water assumption, the relations (3.60) beome
∂u
∂z
∣∣∣∣
s
=
∂u
∂z
∣∣∣∣
b
= O(ε2). (3.67)
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This means we an onsider that exept for the bottom layer, eah layer inherits the approximation (3.67) i.e.
∂u
∂z
= O(ε2) for z ≥ z3/2,
and therefore for all α > 1
u(x, z, t)− uα(x, t) = O(ε2), (3.68)
or equivalently
u(x, z, t)− umc(x, z, {zα}, t) = O(ε2), for z ≥ z3/2.
In the bottom layer we only have
u(x, z, t)− u1(x, t) = O(ε),
but as in [11,16℄, it an be proved that we have an approximation of the veloity through a paraboli orretion
u =
(
1 +
εκ0
ν0
(
z − zb − (z − zb)
2
2H
− H
3
))
u1 +O(ε2), (3.69)
for z ∈ [z1/2, z3/2]. Using the disretization (2.7),(2.8) and (3.66) we laim
Proposition 3.1. The multilayer formulation of the Saint-Venant system dened by
∂H
∂t
+
N∑
α=1
∂hαuα
∂x
= 0, (3.70)
∂h1u1
∂t
+
∂h1u
2
1
∂x
+
g
2l1
∂h21
∂x
= −h1 ∂p
a
∂x
− gh1 ∂zb
∂x
+ u3/2G3/2
+
∂
∂x
(
4νh1
∂u1
∂x
)
− 4ν ∂z3/2
∂x
∂u3/2
∂x
+ 2ν
u2 − u1
h2 + h1
− κ(v¯, H)u1, (3.71)
∂hαuα
∂t
+
∂hαu
2
α
∂x
+
g
2lα
∂h2α
∂x
= −hα∂p
a
∂x
− ghα ∂zb
∂x
+ uα+1/2Gα+1/2 − uα−1/2Gα−1/2
+
∂
∂x
(
4νhα
∂uα
∂x
)
− 4ν
[
∂zj
∂x
∂uj
∂x
]j=α+1/2
j=α−1/2
+ 2ν
uα+1 − uα
hα+1 + hα
− 2ν uα − uα−1
hα + hα−1
, (3.72)
for α ∈ {2, . . . , N − 1}
∂hNuN
∂t
+
∂hNu
2
N
∂x
+
g
2lN
∂h2N
∂x
= −hN ∂p
a
∂x
− ghN ∂zb
∂x
− uN−1/2GN−1/2
+
∂
∂x
(
4νhN
∂uN
∂x
)
+ 4ν
∂zN−1/2
∂x
∂uN−1/2
∂x
− 2ν uN − uN−1
hN + hN−1
, (3.73)
with hα = lαH(x, t) and Gα+1/2 given by (2.16), results from a formal asymptoti approximation in O(ε2δ)
oupled with a vertial disretization of the Navier-Stokes equations (3.37)-(3.39) with hydrostati pressure.
Proof. The integration of the divergene equation (3.45) on eah layer has been already performed in the proof
of Proposition 2.1. We reall that the dedued layer mass equations (2.11) are not meaningful if no hypothesis
is made onerning the mass exhange term Gα+1/2 dened by (2.16). We thus onsider a global mass equation
(3.70) by adding them up. We an also diretly integrate the divergene equation from bottom to free surfae
in order to obtain equation (3.70).
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We now onsider the horizontal veloity equation (3.46) integrated over the interval [zα−1/2, zα+1/2]. Using for
eah layer an approximation similar to (3.68),(3.69), we prove that
1
hα
∫ zα+1/2
zα−1/2
u2(x, z, t)dz = u2α +O(ε2).
In the ontext of the hydrostati approximation, we assume that the pressure satises (3.58),(3.59). The
treatment of the invisid part of the pressure has already been presented in the proof of Proposition 2.1 where
we have written for the gravitational part of the pressure∫ zα+1/2
zα−1/2
∂
∂x
(δη − z) dz = 1
2lα
∂
∂x
h2α +
hα
lα
∂zb
∂x
.
(3.74)
Notie that it is also possible to write
∫ zα+1/2
zα−1/2
∂
∂x
(δη − z) dz = 1
2
∂
∂x
hα
2 N∑
j=α+1
hj + hα
− ∂zα+1/2
∂x
N∑
j=α+1
hj +
∂zα−1/2
∂x
N∑
j=α
hj . (3.75)
The expressions (3.74) and (3.75) lead to the same property for the omplete model even if the hyperboli part
is modied. The seond formulation seems more adapted to the physial desription by layers of the system
but leads to omplementary soure terms whose disretization is subtle. We will use and analyse (3.75) in a
forthoming paper. In the following we use (3.74).
The integration of the visous part of the pressure leads to
∫ zα+1/2
zα−1/2
∂
∂x
(
2ν
∂u
∂x
)
=
∂
∂x
(
2νhα
∂uα
∂x
)
+ 2ν
[
∂zj
∂x
∂uj
∂x
]j=α+1/2
j=α−1/2
+O(ε2δ).
It remains to onsider the visous terms on the right hand side of (3.46). The rst one is similar to the visous
part of the pressure term. For the seond one, using nite dierenes along the vertial, we write∫ zα+1/2
zα−1/2
∂
∂z
(
ν0
∂u
∂z
)
dz = ν0
∂u
∂z
∣∣∣∣
zα+1/2
− ν0 ∂u
∂z
∣∣∣∣
zα−1/2
,
≈ 2ν uα+1 − uα
hα+1 + hα
− 2ν uα − uα−1
hα + hα−1
,
and relation (3.72) follows. Notie that equations (3.71) and (3.73) are onerned with the evolution of the
disharge in the lowest and uppest layers, respetively. The dierene between equations (3.71) and (3.73) and
the general equation (3.72) omes from the partiular form of the visous eet at the bottom and at the free
surfae.
Finally we drop the O(ε2δ) terms and reovering the variables with dimension, we obtain the system (3.70)-
(3.73). 
4. Properties of the multilayer system
In this paragraph we examine some properties of the model depited in Proposition 3.1. We study its hyper-
boliity and we exhibit an energy inequality and a kineti interpretation of the system.
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4.1. Hyperboliity
For the simpliity of the disussion we mainly restrit in this subsetion to the two-layer version of the multilayer
model.
Let us rst say some words about the multilayer system (2.24)-(2.26) introdued by Audusse [1℄. This non-
misible multilayer system was proved to be non-hyperboli. In the general ase the system exhibits omplex
eigenvalues. In the very simple ase u1 = u2 = u the eigenvalues of the hyperboli part was shown to be equal to
the lassial barotropi eigenvalues of the monolayer shallow water system u+
√
gH, u−√gH plus a barolini
eigenvalue u that is onerned with the interfae waves. Nevertheless the system is not hyperboli sine u is
a double eigenvalue assoiated to a one-dimensional eigenspae. This lak of hyperboliity may lead to the
development of instabilities at the interfae [1,12℄. In [1℄ a tehnial trik is proposed to ure the problem. Here
we an prove the well-posedness of the system.
Proposition 4.1. The two-layer version of the multilayer Saint-Venant system (3.70)-(3.73) is stritly hyper-
boli when the total water height is stritly positive.
Proof. The two-layer version of the multilayer system depited in Proposition 3.1 stands  we denote u = u3/2
with u = u1 or u = u2 (see 2.23) 
∂H
∂t
+ l
∂Hu1
∂x
+ (1 − l)∂Hu2
∂x
= 0,
∂Hu1
∂t
+
∂Hu21
∂x
+
g
2
∂H2
∂x
= −gH ∂zb
∂x
+ u
(
∂H
∂t
+
∂Hu1
∂x
)
−H ∂p
a
∂x
+
2ν
lH
(u2 − u1)− κ˜(v¯, H)u1,
∂Hu2
∂t
+
∂Hu22
∂x
+
g
2
∂H2
∂x
= −gH ∂zb
∂x
+ u
(
∂H
∂t
+
∂Hu2
∂x
)
− 2ν
(1− l)H (u2 − u1)−H
∂pa
∂x
.
The previous formulation an be written under the quasi-linear form
M(X)
∂X
∂t
+A(X)
∂X
∂x
= S(X),
with
X =
 Hq1
q2
 , M(X) =
 1 0 0−u 1 0
−u 0 1
 , A(X) =
 0 l (1− l)gH − u21 2u1 − u 0
gH − u22 0 2u2 − u
 ,
S(X) =

0
−gH ∂zb∂x + 2νlH (u2 − u1))− κ˜(v¯, H)u1 −H ∂p
a
∂x
−gH ∂zb∂x − 2ν(1−l)H (u2 − u1)−H ∂p
a
∂x
 ,
and qi = Hui, i = {1, 2}.
The three eigenvalues of M−1(X)A(X) are the roots of D(x) = det(A− xM) = 0 with
D(x) = −xΠ2i=1(2ui − u − x)− l(2u2 − u − x)(gH − u21 + ux)− (1− l)(2u1 − u − x)(gH − u22 + ux).
Let us x H , l, u1 and u2 in R. Let us suppose u1 < u2 with u2 = u1 + γ
2
. We reall that the value of the
interfae veloity u is taken equal to u1 or u2 following the diretion of the exhange of mass between the two
layers.
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Let us rst suppose that u = u1. Then we obviously have
D(u1) = −2gHlγ2 < 0, D(−∞) = +∞, D(+∞) = −∞,
and some omputations lead to
D(max(u2 = u1 + γ
2, u1 + 2lγ
2)) > 0,
sine D(u2) = (1− 2l)gHγ2+ lγ6 > 0 if l ≤ 1/2 and D(u1+2lγ2) = 2l(1− l)(4l− 1)γ6 > 0 if l > 1/2. It follows
that D(x) has three real and simple eigenvalues.
Let us now suppose that u = u2. Then we have
D(u2) = 2gH(1− l)γ2 > 0, D(−∞) = +∞, D(+∞) = −∞,
and some omputations lead to
D(min(u1 = u2 − γ2, u2 − 2(1− l)γ2)) < 0,
sine D(u1) = (1− 2l)gHγ2− (1− l)γ6 < 0 if l ≥ 1/2 and D(u2− 2(1− l)γ2) = 2l(1− l)(4l− 3)γ6 < 0 if l < 1/2.
Here also D(x) has three real and simple eigenvalues.
The ase u2 < u1 is similar and we an onlude that the two-layer version of the multilayer system depited in
Proposition 3.1 is stritly hyperboli. Notie that when u1 = u2 = u, we nd the same barolini and barotropi
eigenvalues u, u+
√
gH , u−√gH as for the nonmisible multilayer system [1℄, but they are all simple eigenvalues
in this ase sine we onsider a system with only three equations. 
In the ase of N layers the matries A(X) and M(X) an be written
AN+1 =

0 l1 . . . . . . lN
gH − u21 2u1 v˜1,2 . . . v˜1,N
.
.
. v¯2,1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. v˜N−1,N
gH − u2N v¯N,1 . . . v¯N,N−1 2uN
 ,
with v¯ij = ui−1/2 ∗ lj/li and v˜ij = ui+1/2 ∗ lj/li,
MN+1 =

1 0 . . . . . . 0
v1 1
.
.
.
.
.
.
.
.
. 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. 1 0
vN 0 . . . 0 1

,
with vi = ui−1/2 ∗
∑i−1
j=1 lj/li + ui+1/2 ∗
∑N
j=i+1 lj/li.
We have perfomed various numerial evaluations of the eigenelements of the matrixM−1N+1AN+1 with numerous
hoies of the parameters H , uα, uα+1/2 and lα. All these tests have always shown that the matrix is diag-
onalizable on R. In the simple ase where all the layers have the same veloity u, the barotropi eigenvalues
u +
√
gH and u−√gH are simple and the barolini eigenvalue u has a multipliity of N − 1 but the matrix
remains diagonalizable on R and the problem is still well-posed.
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4.2. Energy equality
The lassial Saint-Venant system (3.64)-(3.65) admits an energy equality [1, 11℄ under the form
∂Esv
∂t
+
∂
∂x
(
u¯
(
Esv + g
H2
2
)− 4νHu¯∂u¯
∂x
)
= H
∂pa
∂t
− 4νH(∂u¯
∂x
)2 − κ(v¯, H)
1 + κ(v¯,H)H3ν
u¯2 + gH
∂zb
∂t
, (4.76)
with Esv =
Hu¯2
2 +
gH(η+zb)
2 +Hp
a
. Here we have the following result
Proposition 4.2. For the multilayer Saint-Venant system (3.70)-(3.73), smooth solutions satisfy the energy
equality
∂
∂t
(
N∑
α=1
Emcsv,α
)
+
∂
∂x
(
N∑
α=1
uα
(
Emcsv,α +
g
2
hαH − 4νhα ∂uα
∂x
))
=
−κ(v¯, H)u21 −
ν
hα
N−1∑
α=1
(uα+1/2 − uα−1/2)2 − 4ν
N∑
α=1
hα
(∂uα
∂x
)2
+H
∂pa
∂t
+ gH
∂zb
∂t
, (4.77)
with Emcsv,α =
hαu
2
α
2 +
ghα(η+zb)
2 + hαp
a
.
Proof. The proof relies on lassial omputations. Starting from (3.46) with u = umc, p = ph multiplying it
with umc and integrating over [zα−1/2, zα+1/2] with 1 < α < N we obtain
∂
∂t
Emcsv,α +
∂
∂x
(
uα
(
Emcsv,α +
g
2
hαH − 4νh∂uα
∂x
))
=
−
u2α−1/2
2
(
∂zα−1/2
∂t
+ uα−1/2
∂zα−1/2
∂x
− wα−1/2
)
+
u2α+1/2
2
(
∂zα+1/2
∂t
+ uα+1/2
∂zα+1/2
∂x
− wα+1/2
)
−ν0uα−1/2
∂umc
∂z
∣∣∣∣
zα−1/2
+ ν0uα+1/2
∂umc
∂z
∣∣∣∣
zα+1/2
+ν0
∂zα−1/2
∂x
uα−1/2
∂umc
∂x
∣∣∣∣
zα−1/2
− ν0
∂zα+1/2
∂x
uα+1/2
∂umc
∂x
∣∣∣∣
zα+1/2
− ν
hα
(uα+1/2 − uα−1/2)2 − 4νhα
(∂uα
∂x
)2
+ hα
∂pa
∂t
+ ghα
∂zb
∂t
, (4.78)
where we have onsidered for z ∈ [zα−1/2, zα+1/2]
∂u
∂z
=
1
hα
(
uα+1/2 − uα−1/2
)
.
An analoguous alulation is valid for α = 1 and α = N . A sum from α = 1 to α = N of the equalities (4.78)
with the boundary onditions (3.48)-(3.52) ompletes the proof. 
4.3. Kineti interpretation
For the simulation of a multilayer system several strategies are possible. Pares et al. [13℄ onsider the full
system and build a spei solver for the two-layer ase. Following the disrete multilayer sheme proposed by
Audusse [1℄ we prefer to exhibit a kineti formulation of the system obtained in Proposition 3.1. Indeed kineti
shemes might be one of the best ompromise between auray, stability and eieny for the resolution of
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Saint-Venant type equations, see [4, 22℄. We refer to the next setion for the presentation of the numerial
sheme. Here we fous on the kineti interpretation of the system.
The kineti approah onsists in using a desription of the mirosopi behavior of the system. In this method,
titious partiles are introdued and the equations are onsidered at the mirosopi sale, where no dison-
tinuities our. The proess to obtain the kineti interpretation of the multilayer model is similar to the one
used in [4℄ for the monolayer shallow water system. For a given layer α, a distribution funtion Mα(x, t, ξ)
of titious partiles with mirosopi veloity ξ is introdued to obtain a linear mirosopi kineti equation
equivalent to the marosopi model presented in proposition 3.1.
Let us introdue a real funtion χ dened on R, ompatly supported and whih have the following properties{
χ(−w) = χ(w) ≥ 0∫
R
χ(w) dw =
∫
R
w2χ(w) dw = 1.
(4.79)
Now let us onstrut a density of partiles Mα(x, t, ξ) dened by a Gibbs equilibrium: the mirosopi density
of partiles present at time t in the layers α, in the viinity ∆x of the absissa x and with veloity ξ given by
Mα(x, t, ξ) = lα
H(x, t)
c
χ
(
ξ − uα(x, t)
c
)
, α = 1, . . . , N, (4.80)
with
c2 =
gH
2
.
Likewise, we dene Nα+1/2(x, t, ξ) by
Nα+1/2(x, t, ξ) = Gα+1/2(x, t) δ
(
ξ − uα+1/2(x, t)
)
, α = 0, . . . , N, (4.81)
where δ denotes the Dira distribution. The quantities Gα+1/2, 0 ≤ α ≤ N represent the mass exhanges
between layers α and α + 1, they are dened in (2.16) and satisfy the onditions (2.15), so N1/2 and NN+1/2
also satisfy
N1/2(x, t, ξ) = NN+1/2(x, t, ξ) = 0. (4.82)
We also introdue the densities M˜α(x, t, ξ) that will be used for the energy equations , they are dened by
M˜α(x, t, ξ) =
gH(x, t)hα(x, t)
4c
χ
(
ξ − uα(x, t)
c
)
.
Notie that the introdution of this seond family of densities is not needed when we onsider the two dimensional
shallow water system. Here they take into aount some kind of transversal eet at the kineti level that is
impliitely inluded into the marosopi one dimensional shallow water system. We refer the reader to [4, 23℄
for more details.
With the previous denitions, dropping the visous, and frition terms, we write a kineti representation of the
multilayer Saint-Venant system desribed in proposition 3.1 and we have the following proposition:
Proposition 4.3. The funtions (H,umc) are strong solutions of the multilayer Saint-Venant system (3.70)-
(3.73) if and only if the set of equilibria {Mα(x, t, ξ)}Nα=1 is solution of the kineti equations
∂Mα
∂t
+ ξ
∂Mα
∂x
− ∂
∂x
(pa + gzb)
∂Mα
∂ξ
−Nα+1/2(x, t, ξ) +Nα−1/2(x, t, ξ) = Qα(x, t, ξ), (4.83)
α = 1, . . . , N,
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with {Nα+1/2(x, t, ξ)}Nα=0 satisfying (4.81),(4.82). The set of equations (4.83) an also be written under the
form
Nα+1/2(x, t, ξ) =
α∑
i=1
(
∂Mi
∂t
+ ξ
∂Mi
∂x
− ∂
∂x
(
pa + zb
)∂Mi
∂ξ
−Qi
)
, α = 1, . . . , N. (4.84)
The quantities Qα(x, t, ξ) are ollision terms equals to zero at the marosopi level i.e. whih satisfy for a.e.
values of (x, t) ∫
R
Qαdξ = 0,
∫
R
ξQαdξ = 0.
The solution of (4.83),(4.84) is an entropy solution if additionally
∂M˜α
∂t
+ ξ
∂M˜α
∂x
= Q˜α(x, t, ξ), α = 1, . . . , N, (4.85)
with ∫
R
(
ξ2
2
Qα + Q˜α
)
dξ ≤ 0.
Proof. As previously we denote X = (H, q1, . . . , qN )
T
the vetor of unknowns with qα = lαHuα. We introdue
M = (M1, . . . ,MN )
T
and an (N + 1) × N matrix K(ξ) dened by K1,j = 1, Ki+1,j = δi,j ξ with δi,j the
Kroneker symbol.
Using the denition (4.80) and the properties of the funtion χ, we have
lαH(x, t) =
∫
R
Mα(x, t, ξ)dξ, (4.86)
and
X(x, t) =
∫
R
K(ξ) M(x, t, ξ)dξ. (4.87)
The proof is obtained by a simple integration in ξ of the set of equations (4.83) against the matrix K(ξ). First,
an integration in ξ of (4.83) gives the ontinuity equation (2.11) i.e.
∂lαH
∂t
+
∂lαHuα
∂x
= Gα+1/2 −Gα−1/2,
and by summation we have (3.70). Atually from the denition (4.81) of Nα+1/2 we have∫
R
Nα+1/2(x, t, ξ)dξ = Gα+1/2(x, t),
and ∫
R
ξNα+1/2(x, t, ξ)dξ = uα+1/2Gα+1/2.
Likewise for the energy balane of the layer α we proeed an integration in ξ of (4.83) against ξ2/2. Sine we
have ∫
R
(
ξ2
2
Mα + M˜α
)
dξ =
hα
2
u2α +
g
2
hαH, (4.88)∫
R
ξ
(
ξ2
2
Mα + M˜α
)
dξ =
hα
2
u3α + ghαHuα, (4.89)
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and for the soure term∫
R
ξ2
2
∂
∂x
(pa + gzb)
∂Mα
∂ξ
dξ = − ∂
∂x
(pa + gzb)hαuα
= − ∂
∂x
(
(gzb + p
a)hαuα
)
+ (gzb + p
a)
∂hαuα
∂x
= − ∂
∂x
(
(gzb + p
a)hαuα
)− (gzb + pa) ∂hα
∂t
− (gzb + pa)Gα+1/2 + (gzb + pa)Gα−1/2, (4.90)
we obtain the equality
∂
∂t
(
hα
2
u2α +
g
2
hα(η + zb) + hαp
a
)
+
∂
∂x
[
uα
(
hαu
2
α +
g
2
hαH +
g
2
hα(η + zb) + hαp
a
)]
+
u2α−1/2
2
Gα−1/2 −
u2α+1/2
2
Gα+1/2 − hα
∂pa
∂t
− ghα ∂zb
∂t
=
∫
R
(
ξ2
2
Qα + Q˜α
)
dξ. (4.91)
The previous relation orresponds to (4.78) where the visous and frition terms are negleted. The sum of the
equations (4.91) gives the energy equality for the global system and that ompletes the proof. 
The formulation (4.83) redues the nonlinear multilayer Saint-Venant system to a linear transport system on
nonlinear quantities {Mα}Nα=1, {Nα+1/2}Nα=0 for whih it is easier to nd a simple numerial sheme with good
theoretial properties. In the ase of a single layer, for a detailed proof of the kineti interpretation refer to [4℄
and for the treatment of the soure term at this mirosopi level see [23℄. Notie that the hoie of the funtion
χ remains quite open at this stage sine several funtions satisfy the requested properties. Following this hoie
the dedued kineti sheme will have dierent properties.
5. Numerial results
In the appliations disussed here, we assume pa = 0 and we neglet the horizontal visosity. Then the N + 1
equations of the multilayer system (3.70)-(3.73) an be written with the general form
∂H
∂t
+
N∑
α=1
∂(lαHuα)
∂x
= 0, (5.92)
∂(lαHuα)
∂t
+
∂
∂x
(lαHu
2
α +
g
2
lαH
2) = −glαH ∂zb
∂x
+ uα+1/2Gα+1/2 − uα−1/2Gα−1/2
+
2να
lα+1 + lα
uα+1 − uα
H
− 2να−1
lα + lα−1
uα − uα−1
H
− κα(u,H)uα, α = 1, . . . , N, (5.93)
with
κα =
{
κ(u,H) if α = 1
0 if α 6= 1 να =
 0 if α = 0ν if α = 1, ..., N − 1
0 if α = N
The previous system is of the form:
∂X
∂t
+
∂F (X)
∂x
= Sb(X) + Se(X) + Sv(X) (5.94)
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with F (X) the ux of the hyperboli part, Sb(X) the topography soure term, Se(X) the mass transfer soure
term and Sv(X) the visous and frition terms.
To approximate the solution of the multilayer Saint-Venant system, we use a nite volume framework. We
assume that the omputational domain is disretised by I nodes xi. We denote Ci the ell of length ∆xi =
xi+1/2 − xi−1/2 with xi+1/2 = (xi + xi+1)/2. For the time disretization, we denote tn =
∑
k≤n∆t
k
where
the time steps ∆tk will be preised later though a CFL ondition. We denote Xni = (H
n
i , q
n
1,i, . . . , q
n
N,i) the
approximate solution at time tn on the ell Ci with q
n
α,i = lαH
n
i u
n
α,i.
5.1. Time disretization
For the time disretization, we apply time splitting to the equation (5.94) and we write
X˜n+1 −Xn
∆tn
+
∂F (Xn)
∂x
= Sb(Xn) + Se(Xn), (5.95)
Xn+1 − X˜n+1
∆tn
− Sv(Xn, Xn+1) = 0. (5.96)
Classially we rst ompute the hyperboli part (5.95) of the multilayer system by an expliit sheme. This rst
omputation inludes the topographi soure term in order to preserve relevant equilibria [2℄ and also denes
the mass transfer terms. Conerning the visous and frition terms (5.96) that are dissipative, we prefer a
semi-impliit sheme for reasons of stability.
5.2. Numerial sheme : expliit part
To perform the expliit step we dedue a nite volume kineti sheme from the previous kineti interpretation
of the multilayer system. Notie that even if the system is hyperboli, the eigenvalues are unknown. Thus any
solver requiring the knowledge of the eigenvalues while but the kineti sheme is easily extended [5℄.
Starting from a pieewise onstant approximation of the initial data, the general form of a nite volume method
is
X˜n+1i −Xni + σni
[
Fni+1/2 − Fni−1/2
]
= ∆tnSbni +∆t
nSeni , (5.97)
where σni = ∆t
n/∆xi is the ratio between spae and time steps and the numerial ux F
n
i+1/2 is an approximation
of the exat ux estimated at point xi+1/2.
The topographi soure term Sbni is not dedued from the kineti interpretation (see [23℄) but omputed by
hydrostati reonstrution, see prop. 5.1. As in [4, 6℄ the kineti interpretation (4.83) is used to preise the
expression of the uxes Fni+1/2 in (5.97). First, by analogy with (4.80) we dene the disrete densities of
partiles Mnα,i by
Mnα,i(ξ) = lα
Hni
cni
χ
(
ξ − unα,i
cni
)
, with cni =
√
gHni
2
.
Then the equation (4.83) without the atmospheri pressure and topographi terms is disretised for eah α by
applying a simple upwind sheme for the advetion term
fn+1α,i (ξ) = M
n
α,i(ξ)− ξσni
(
Mnα,i+1/2(ξ)−Mnα,i−1/2(ξ)
)
+∆tn
(
N
n+1/2
α+1/2,i(ξ) −N
n+1/2
α−1/2,i(ξ)
)
, (5.98)
where
Mnα,i+1/2 =
{
Mnα,i if ξ ≥ 0
Mnα,i+1 if ξ < 0
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and the terms N
n+1/2
α+1/2,i will be dened in the following.
We dene the vetors fn+1i (ξ) = (f
n+1
1,i (ξ), . . . , f
n+1
N,i (ξ))
T
, Mni (ξ) = (M
n
1,i(ξ), . . . ,M
n
N,i(ξ))
T
. Eah new density
funtion fn+1α,i is not an equilibrium but thanks to the property of the right hand side of (4.83), by analogy with
(4.86),(4.87) we an reover the marosopi quantities at time tn+1. We write
lαH
n+1
i =
∫
R
fn+1i (ξ)dξ, (5.99)
and by a simple integration in ξ of (5.98) against K(ξ), we an preise the marosopi formula (5.97) (without
the topographi term)
X˜n+1i =
∫
R
K(ξ) fn+1i (ξ)dξ. (5.100)
If we denote
Fni+1/2 = F (X
n
i , X
n
i+1) = F
+(Xni ) + F
−(Xni+1),
we dene
F−(Xni ) =
∫
ξ∈R−
ξK(ξ) Mni (ξ) dξ, F+(Xni ) =
∫
ξ∈R+
ξK(ξ) Mni (ξ) dξ. (5.101)
More preisely the expression of F+(Xi) an be written
F+(Xi) =

F+H (Xi)
F+q1(Xi)
.
.
.
F+qN (Xi)
 , (5.102)
with
F+H (Xi) =
N∑
α=1
F+hα(Xi) =
N∑
α=1
lαH
∫
w≥−
uα,i
ci
(uα,i + wci)χ(w) dw,
F+qα(Xi) = lαH
∫
w≥−
uα,i
ci
(uα,i + wci)
2χ(w) dw.
We denote also
Fhα,i = Fhα,i+1/2 − Fhα,i−1/2 = F+hα(Xi) + F−hα(Xi+1)−
(
F+hα(Xi−1) + F
−
hα
(Xi)
)
. (5.103)
This kineti method is interesting beause it gives a very simple and natural way to propose a numerial
ux through the kineti interpretation. If we an perform analytially the integration in (5.102), i.e. if the
probability funtion χ dened in (4.79) is hosen to be simple enough, it is also numerially powerfull beause
the kineti level disappears and the sheme is written diretly as a marosopi sheme for whih only very
simple omputations are needed. In this paper we have used
χ(w) =
√
2
3
1
|w|≤
√
3
2
(w).
Let us now preise the terms N
n+1/2
α+1/2,i and so the exhange terms Se
n
i dened by
Seni =
∫
R
K(ξ)
(
N
n+1/2
α+1/2,i(ξ)−N
n+1/2
α−1/2,i(ξ)
)
dξ. (5.104)
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From the onditions (4.82) we presribe
N
n+1/2
1/2,i (ξ) = N
n+1/2
N+1/2,i(ξ) = 0. (5.105)
So we reover SenH,i = 0 and the equation (5.100) denes H
n+1
i . By summation of (5.98) we have
∆tnN
n+1/2
α+1/2,i(ξ) =
α∑
j=1
(
fn+1j,i (ξ)−Mnj,i(ξ) + ξσni
(
Mnj,i+1/2(ξ)−Mnj,i−1/2(ξ)
))
, α = 1, . . . , N − 1, (5.106)
and we dene
G
n+1/2
α+1/2,i =
∫
R
N
n+1/2
α+1/2,i(ξ)dξ, α = 0, . . . , N, (5.107)
so we an write
∆tnG
n+1/2
α+1/2,i =
α∑
j=1
[
lj(H
n+1
i −Hni ) + σni (Fnhj,i+1/2 − Fnhj,i−1/2)
]
, α = 1, . . . , N. (5.108)
Then using the disrete mass onservation equation giving Hn+1i , the terms G
n+1/2
α+1/2,i an be written under an
expliit form (see (2.22)) i.e. depending only of Xni
∆xiG
n+1/2
α+1/2,i =
α∑
j=1
(
Fnhj ,i − lj
N∑
p=1
Fnhp,i
)
, (5.109)
we have to notie that this denition is ompatible with the free surfae ondition of (5.105).
We dene
N
n+1/2
α+1/2,i(ξ) = G
n+1/2
α+1/2,i δ
(
ξ − unα+1/2,i
)
, (5.110)
with, aording to (2.23)
unα+1/2,i =
{
unα+1,i if G
n+1/2
α+1/2,i ≥ 0,
unα,i if G
n+1/2
α+1/2,i < 0.
Then the exhange term Seni in (5.104) is ompletely dened.
We have denoted the approximations in time of Nα+1/2 and Gα+1/2 with an uppersript n + 1/2 beause we
have to dene Hn+1i at the marosopi level to obtain the mirosopi approximation of Nα+1/2,i whih is used
for the omputation of the momentum lαH
n+1
i u
n+1
α,i .
The soure term Sbni = (Sb
n
H,i, Sb
n
1,i, . . . , Sb
n
N,i) is an approximation of the topographi soure terms. For
stability purpose, see [2℄ we use the following disretization
SbnH,i = 0, Sb
n
α,i = lα
(g
2
(Hni+1/2−)
2 − g
2
(Hni−1/2+)
2
)
(5.111)
with
zb,i+1/2 = max{zb,i, zb,i+1},
Hni+1/2− = H
n
i + zb,i − zb,i+1/2,
Hni+1/2+ = H
n
i+1 + zb,i+1 − zb,i+1/2.
(5.112)
And we have the following proposition
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Proposition 5.1. The disretization of the soure terms given by (5.111),(5.112) preserves the steady states
{unα,i = 0}Nα=1, Hni + zb,i = Cst ∈ R, ∀i, ∀n.
given by a lake at rest.
Proof. For the proof of this proposition, the readers an refer to [2℄. 
The sheme explained in this paragraph allows to alulate X˜n+1 given by (5.95) and (5.97).
5.3. Numerial sheme : impliit part
Now we aim to alulate Xn+1 from (5.96). Negleting the horizontal visosity, the vertial visosity soure
term an be interpreted as a frition term between one layer and the two adjaent ones. As usual we treat this
frition term impliitly. This leads to solve a linear system.
The impliit step does not aet the disrete water height therefore
Hn+1i = H˜
n+1
i ,
and the omputation of the new veloities {un+1α,i }Nα=1 leads to solve a tridiagonal N × N linear system that
reads
T n,n+1i U
n+1
i = q˜
n+1
i ,
with Un+1i = (u
n+1
1,i , . . . , u
n+1
N,i )
T
, q˜n+1i = (q˜
n+1
1,i , . . . , q˜
n+1
N,i )
T
and
T n,n+1i (1, 1) = l1H
n+1
i +
2∆tn
Hn+1i
(
ν1
l1 + l2
)
+∆tnκ(Xni , H
n+1
i ),
T n,n+1i (α, α) = lαH
n+1
i +
2∆tn
Hn+1i
(
να
lα + lα+1
+
να−1
lα + lα−1
)
, for α ∈ {2, . . . , N},
T n,n+1i (α, α + 1) = −
2∆tn
Hn+1i
(
να
lα + lα+1
)
, for α ∈ {1, . . . , N − 1},
T n,n+1i (α− 1, α) = −
2∆tn
Hn+1i
(
να−1
lα + lα−1
)
, for α ∈ {2, . . . , N}.
For the frition at the bottom, several models an be used among whih are Navier, Chezy and Strikler laws.
5.4. Stability of the sheme
We now establish the stability property of the kineti sheme. Classially for the Saint-Venant system, a CFL
ondition ensures the water height is non negative. This CFL ondition means that the quantity of water leaving
a given ell during a time step ∆tn is less than the atual water in the ell.
For the multilayer Saint-Venant system we have the same kind of requirement onerning the time step ∆tn.
But due to the vertial disretization, the water an leave the ell Ci of the layer α either by the boundaries
xi±1/2 or by the interfaes zα±1/2, see Fig. 3. This makes the CFL ondition more restritive and we have the
following proposition
Proposition 5.2. Assume that the funtion χ has a ompat support of length 2wM then under the CFL
ondition
∆tn ≤ min
1≤α≤N
min
i∈I
lαH
n
i ∆xi
lαHni
(|unα,i|+ wMcni )+∆xi ([Gn+1/2α+1/2,i]
−
+
[
G
n+1/2
α−1/2,i
]
+
)
(5.113)
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Figure 3. Interpretation of the CFL ondition for the lassial Saint-Venant system (up) and
for the multilayer system (down).
the kineti sheme (5.97), (5.111) and (5.102) keeps the water height positive i.e. Hni ≥ 0 if it is true initially.
Notie that this ondition does not depend on
∂zb
∂x .
Proof. The proof has been adapted from those given in [3, 23℄. To prove the stability property of the sheme,
we ome bak to the kineti interpretation and we proeed by indution. We assume that Hni ≥ 0, ∀i and we
prove that Hn+1i ≥ 0, ∀i.
From the denition of the funtions Mα in (4.80) and the positivity of the funtion χ, we dedue
Mnα,i ≥ 0, ∀i, for α = 1, . . . , N.
We now introdue the quantities
[ξ]+ = max(0, ξ), [ξ]− = max(0,−ξ),
and so we an write the upwind mirosopi sheme (5.98)
fn+1α,i = (1− σni |ξ|)Mnα,i + σni [ξ]+Mnα,i−1 + σni [ξ]−Mnα,i+1
+ ∆tn
(([
N
n+1/2
α+1/2,i
]
+
−
[
N
n+1/2
α+1/2,i
]
−
)
−
([
N
n+1/2
α−1/2,i
]
+
−
[
N
n+1/2
α−1/2,i
]
−
))
. (5.114)
The quantity
σni |ξ|Mnα,j +∆tn
([
N
n+1/2
α+1/2,i
]
−
+
[
N
n+1/2
α−1/2,i
]
+
)
,
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represents, at the mirosopi level, the water leaving the ell Ci of the layer α during∆t
n
. A suient ondition
to obtain the stability property, i.e.
lαH
n+1
i =
∫
R
fn+1α,i dξ ≥ 0, ∀i, for α = 1, . . . , N, (5.115)
is then ∫
R
(
σni |ξ|Mnα,i +∆tn
([
N
n+1/2
α+1/2,i
]
−
+
[
N
n+1/2
α−1/2,i
]
+
))
dξ ≤
∫
R
Mnα,idξ, (5.116)
and this requirement is satised when
σni
(|unα,i|+ wMcni ) lαHni +∆tn([Gn+1/2α+1/2,i]
−
+
[
G
n+1/2
α−1/2,i
]
+
)
≤ lαHni .
We reall that we have obtained in (5.109) an expliit form of G
n+1/2
α+1/2,i. If ∆t
n
satises (5.113), then the
ondition (5.115) is satised and that ompletes the proof. 
5.5. Seond order sheme
The seond-order auray in time is usually reovered by the Heun method [8℄ that is a slight modiation of
the seond order Runge-Kutta method. The advantage of the Heun sheme is that it preserves the invariant
domains without any additional limitation on the CFL.
We also apply a formally seond order sheme in spae by a limited reonstrution of the variables. An advantage
of the new multilayer approah with only one ontinuity equation is that the water height an be reonstruted
while preserving the mass onservation without diulty.
5.6. Numerial simulations
5.6.1. Transritial ow over a bump
We rst onsider an aademi test ase that is very ommonly used for the validation of lassial one-layer
shallow water solvers. Here we add some frition at the bottom in order to ompare solutions of one-layer and
multilayer shallow water systems with the solution of hydrostati inompressible Navier-Stokes equations. We
impose an inow (left boundary) of 1.0 m2.s−1 and the water height at the exit (right boundary) is presribed
to be equal to 0.6 m. The Strikler frition oeient at the bottom is 30 m1/3.s−1 and the kinemati visosity
is 0.01 m2.s−1. The data are hosen suh that the ow is supposed to reah a stationary regime that presents
some transitions between sub- and superritial parts and an hydrauli jump. Notie that an analytial solution
exists for this test in the ase of a single layer [4, 23℄.
The simulation results are depited in Fig. 4, 5 and 6. The presented results orrespond to a time instant tf
where the permanent regime is ahieved. Notie that we present some results related to the vertial veloity in
Fig. 5. Sine we onsider a shallow water type system we do not need this vertial veloity for the omputation.
But it is possible to reover it for postproessing purpose : departing from the omputed horizontal veloity we
use the divergene free ondition (3.31) and the non penetration ondition at the bottom (2.5) to evaluate an
approximation of the vertial veloity. Notie also that the atual omputations are purely one dimensional.
Hene Fig. 4 and 5 present veloity results on a postproessing mesh that is onstruted departing from the 1d
mesh by the use of the omputed layer water heights.
The results depited in Fig. 4 and 5 are onsistent with omputations performed using the hydrostati Navier-
Stokes equations [6℄ and also using the former multilayer Saint-Venant system [1℄. The results depited in Fig. 6
exhibit that the presented solver is quite robust sine it is able to ompute transritial solutions and shok
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waves even when a large number of layers are onsidered. Notie also that the hydrauli jump appears to be
overestimated by the one-layer omputation when ompared with other results - see Fig. 6.
Figure 4. Horizontal veloities {uα(x, tf )}Nα=1 with N = 15 layers.
5.6.2. Wind eets
We laim in the introdution that the great interest of the new multilayer formulation that we proposed here
is to allow mass exhanges between layers. This eet is exhibited in the numerial test that we present now.
We onsider a lake with a non trivial bottom and vertial shores. We impose a onstant wind stress (from left
to right) at the free surfae. The ow is then supposed to reah a stationnary state that inludes some water
reirulations in the lake. Notie that this kind of stationnary ows is learly impossible to ompute with the
lassial one-layer shallow water system sine the veloity is imposed to be onstant along the vertial. They
are also out of the domain of appliation of the former multilayer shallow water system that was introdued by
Audusse [6℄ sine they learly involve large mass transfers (at least near the shores) between the layers.
As for the previous ase we use a reonstrution strategy in order to estimate a vertial veloity eld and we
present the results on a postproessing 2D mesh that is presented in Fig. 7. In Fig. 8 we present the two
dimensional veloity vetors on this 2D mesh. The results exhibit a global reirulation that is ombined with
two loal reirulations that are indued by the topography of the lake. The qualitative aspet of the solution
is onsistent with the previsions.
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Figure 5. Vertital veloity {wα(x, tf )}Nα=1 with N = 15 layers.
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Figure 6. Shape of the free surfae for simulations arried out with dierent number of layers.
TITLE WILL BE SET BY THE PUBLISHER 29
Figure 7. The geometrial model with the horizontal mesh and the vertial disretization by layers.
Figure 8. A wind blow from the left part of the domain to the right part. The arrows represent
the veloity eld in the lake.
6. Conlusion
In this paper, the authors have desribed an exhanging mass multilayer Saint-Venant system. The derivation
of the model, the study of its main properties and a numerial sheme for its disretization are given. Some
simulations are also presented. Notie that the model and the results presented here in 2D (x, z) are also
available in 3D (x, y, z).
Beause of its auray and simpliity, the kineti sheme seems well adapted for the simulations of suh a
model. Moreover sine the eigenvalues of the hyperboli system are not explitly known, a lot of nite volume
shemes fails in this situation.
As depited in Fig. 7, the vertial disretization proposed for water height leads to a regular mesh. A strategy
of mesh renement based on a inhomogenous number of layers have to be added.
The presented system an be enrihed in several ways. First, the hydrostati assumption onerning the pressure
terms an be relaxed leading to the models presented in [11℄. Then we an also onsider a passive pollutant in
the ow. This implies to add a onservation equation for the pollutant onentration. Finally, we an onsider
the density of the uid varies with the onentration of pollutant. These three improvements have been added
to their model by the authors and will be presented in forthoming papers.
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